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REVIEWS 
Edited by Underwood Dudley 

Mathematics Department, De Pauw University, Greencastle, IN 46135 

Conceptual Mathematics: A First Introduction to Categories. By F. William Lawvere & 
Steven Schanuel with the cooperation of Emilio Faro, Fatima Fenaroli, Danilo 
Lawvere and the students of Mathematics 108 of the University of Buffalo. 
Cambridge University Press, 1997, 358, $80.00 (hard bound), $25.95 (paper bound). 

Reviewed by Saunders Mac Lane 

The amazing science of Inathematics involves a mixture of calculations and 
concepts. When we teach, it is often easier to expound the calculations then it is to 
explain the underlying conceptual structures. But they are there-and now formu- 
lated for freshmen in college in this attractive new text, emphasizing the ideas 
about categories. 

Category theory provides a simple and systematic conceptual framework for 
mathematics including the ideas of sets, functions between sets and of "sets with 
structure", and the axiomatic formulations of the composition of functions. This 
text, written by two experts in category theory and tried out carefully in courses at 
SUNY of Buffalo, provides a simple and effective first course on conceptual 
mathematics. It offers a careful elementary description of sets and of categories, 
with many examples and leading up to many fascinating matters, including the 
Brouwer fixed point theorem, Cantor's diagonal argument, and the Godel num- 
bers. 

The text starts with the idea of multiplication (for example, Space = Plane x 
Line) and shows how this idea leads to Cartesian coordinates and to the descrip- 
tion of a product of two objects by diagrams using the projections of the product of 
two spaces on its factors. 

The first example of a category is the category of finite sets and their maps. This 
is illustrated by both internal diagrams (which element goes where) and by external 
diagrams (arrows from the domain of a map to the codomain). This leads to the 
idea of the composition of maps and the associative law for such composition. 
Here, as throughout the book, the formal definition is followed by many carefully 
described examples and computations. Also included are typical comments from 
students and the suggested clarification of their occasional puzzlement. In this 
way, the book presents an effective dialog with ideas. 

From the category of finite sets, the text goes on to the general definition of a 
category, with its objects, maps between these objects, the composition of these 
maps, the associative law for composition of maps and the identity maps. Various 
examples illustrate the importance of the order in which two maps may be 
composed. In general each section of the book is followed by worked-out exercises, 
examples of student response, and more exercises. 
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Special kinds of maps isomorphisms, the sections and the retracts of a given 
map, idempotents, injections, etc., are illustrated, defined, and discussed. An 
informal discussion of continuity indicates that it is plausible that the inclusion 

map j: C D of the boundary circle C of a disc D is not a retract. Using this 

plausible result, the authors give the standard proof that any continuous map of 
the disc into itself necessarily has a fixed point (the Brouwer fixed point theorem). 
Here and elsewhere, the text is careful in the construction and exposition of 
proofs, so that it provides for the student an effective introduction to the basic idea 
of " proof". 

Part III provides a number of examples of easily accessible categories: the 
category of sets, the category of sets with an endomorphism (also called the 
category of automata or of discrete dynamical systems), the category of irreflexive 
graphs (where each edge is directed from one vertex (dot) to another), the category 
of reflexive graphs (with an "identity arrow" at each vertex), the category of sets 
each with an idempotent endomap and the category of arrows of any given 
category. With these examples, the student is given a view of the idea of a "set 
with structure" and of structure preserving maps. Again, there are many exercises 
and comments. 

Finite state automata provide a next example of a category. This study of 
automata leads to examples of cycles of various finite lengths and to the introduc- 
tion of the natural numbers as the automaton N consisting of the string of natural 
numbers with the successor map. This example of a "structure" suggests the idea of 
a map that preserves a given structure. In turn, this leads to the definition of a 
functor as a map of categories that preserves all the category structure. Then 
comes the general idea of studying large "objective"categories by functors to them 
from small "test" categories, with an outlook on the notion of symmetry. 

Universals, such as product objects and terminal objects, next appear. A 
"terminal" object 1 in any category is one such that any object X has a unique or 

"universal" map X 1 to this terminal. A product, X x Y of two objects X and Y 

with its projections is a diagram 

XXx Y Y 

such that any other pair of maps X A > Y to X and Y can be composed from 

the two projections and a unique map A > X x Y. By reversing all the arrows in 
this definition one has the definition of the "dual" operation of "sum"-or 
"coproduct". In a category with both products and sums these definitions deter- 
mine a standard map 

A XB +A x C yA x (B + C). 

The category is said to satisfy the "distributive law"when this standard map is an 
isomorphism (examples). There is a careful proof of the uniqueness (up to 
isomorphism) of the product and the sum when they exist. 

The fifth chapter introduces the "map objects" yT. For example, given sets Y 

and T, the set yT of all the maps t: T Y is such a map object. It comes 

together with the corresponding "evaluation" map 

yT X T Y 

and the "universal" property of this evaluation. More generally, in any category 
with products and a terminal object, an object X is said to parametrize all the 
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maps T Y when there is some one map t: T x X Y such that any map T Y has the form t(-, x) for some "pointS' x: 1 X of X. Then Cantor's 

diagonal theorem holds in any such category: if an object T has enough points to 

parametrize all maps T Y by means of some map T x T Y, then Y has the 

fixed point property. In particular, the set 2 of two elements does not have the 
fixed point property. Therefore, for all sets T, one has T < 2T, since 2T does 

parametrize all maps T 2. 

After further careful discussion and examples of exponentials, the text turns to 
the consideration of 4'parts" (that is, subobjects S) of an object X, and of the 

characteristic functions h: X 2 of such subobjects. This characteristic function 

has the property that the diagram 

S >1 

1 1 
h:X ,2=(0,1) 

is a "pullback". But this usual set 2 consisting of the two truth values 0 and 1 must 
in many categories be replaced by a more sophisticated truth value object. This 
leads to the definition of a topos: a category with a terminal 1 and initial 0, with 
products, pullbacks, sums and all exponentials, together with a suitable object t: 
1 > Q of truth values, such that any part of an object X has a unique characteris- 

tic function X Q, much as in the diagram above. 

All told, this text on conceptual mathematics thus succeeds in presenting a 
careful introduction of concepts leading up to non-trivial examples. This reviewer 
has not yet had occasion to try this text out with students, but he is confident that 
the care and the wealth of examples will be successful in explaining to students the 
idea of a proof and the concepts such as "sets with structure" and "structure-pre- 
serving" maps. Students are guided to the art of saying things "right". Thus on page 
279, Chad is asked 

"To say that T is a terminal object in the category C means what?" 
Chad responds "That there is only one map". 
"One map; from where to where?" 
Chad: "From the other object to TS'. 
" What other object?" 
Chad: "Any other object". 
"Right. From any other object. So start the sentence with that; 
don't leave it for the end". 

In this way Chad and the other students are carefully led to say the things 
necessary for clarity. The careful use of concepts and their examples through this 
text leads to precision and thus to understanding. 

Department of Mathematics 
University of Chicago 
5734 University Ave. 
Chicago, Illinois 60637-1514 
saunders @ma th. uchicago. ed u 
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