
The World is A World 

 

of, by virtue of being, is—as is; just a simple assertion.  It asks us of nothing—

not a single question.  So, I am happy to have a textbook that asks questions in 

addition to helping me appreciate the beauty beyond the paradise.  Oh, how 

much work it is to formulate questions and then to have to answer them too 

once I venture out of this stone plaza [of Luis Barragan].  Within the confines of 

these concrete walls [of Kahn] with the text in front of me I know exactly what 

to prove and I am even told how to prove; before long I have to figure out what 

[to prove], and, then how [to prove], and then [prove].  Here’s another take just 

in case this is not reason enough for you to jump with joy at the sight of a 

question.  There are two kinds of [visual] objects: (1). Objects that we see and 

(2). Objects that let us see (of course, we can also see them).  Much of the text 

is like objects we see; the more we study the more we learn, but it’s the 

question that enables comprehension by way of illuminating the text.  Of course, 

you can answer questions just as you would look at illuminants (e.g. light bulb, 

sun, candle light), but it’s much more fun to watch the objects illuminated by 

way of discounting the illuminant.  So, let’s try to look at last week’s exercise and 

let it shine to see what it illuminates.  As it happens sometimes, what we are 

going to see in light of last week’s exercise is somewhat like what you would see 

if you turn the lights on in my studio: 6 surfaces; nothing that has the immediacy 

of headline news.  Simply put, you may find this note boring. 



Here’s the plan: first let’s state last week’s exercise, and then we will work 

on it, and finally close with the statement of the exercise for next Tuesday. 

 

Exercise 1 (page 161): 

Suppose that x’ = a3(x) and that f: (X, a: X � X) � (Y, b: Y � Y) is a map in the 

category of endomaps.  Let y = f(x) and y’ = b3(y).  Prove that f(x’) = y’. 

 

Needless to note, we are not going to prove f(x’) = y’ at lightening speed, 

which is not to trivialize fast, but looking at license plates and telling whether it is 

a number that can be expressed as a sum of squares or cubes in a jiffy is not my 

cup of tea (sorry Ram).  So let’s go slow starting with what we are given.  We 

are given 3 equations: 

x’ = a3(x)  

y = f(x) 

y’ = b3(y) 

and asked for 1 equation in return (not a bad deal if equations were Benjamins) 

 f(x’) = y’ 

First let’s make sure we are given 3 equations and only three equations.  If 

equation were just a symbol string with the symbol ‘=’ somewhere (other than 

the very beginning or end) in the string, then, yes, we are given exactly 3 

equations: one in the first sentence and two in the second, and of course, there 

is the one equation that we are asked to prove.  But, wait, ‘what is an equation?’  



Didn’t we just say an equation is a symbol string with the symbol of equality (=) 

as one of the symbols concatenated.  Ah, yes, that’s what I am trying to get at!  

Get at what?  If a symbol (=) is a symbol of something (equality), then, surely, a 

bunch of symbols (equation) is symbolic of some bunch of some things (we may 

have to add some qualifications here).  Or, how about this, an equation is an 

appearance of something, some state-of-affairs, or a facet of some situation.  I 

thought of saying ‘an equation is a presentation…’ or ‘an equation is a 

representation…’ interchangeably.  But, then, I didn’t want to use ‘presentation’ 

and ‘representation’ in the sense of everyday usage since, at some point, I want 

to discuss the distinction between PRESENTATION and REPRESENTATION (I’ll 

post a note summing up the discussion of the ‘Presentations of dynamical 

systems (page 182) that we had sometime ago). 

 Returning back to equations, we can think of the three equations that we 

are given as saying something about some state of some being, while being 

cognizant of the fact that there are other modes of saying—sayings that can be 

translated into the format of equations.  So, now, we want to make sure all 

that’s been said is at hand before we begin to put together (I love this phrase) a 

profile.  If we look back at the exercise we can readily see that there’s something 

that we are told (given) in addition to the three equations.  First, what’s that 

thing that we are told?  Second, can we translate that thing (description) into an 

equation?  Third, what do we get when we put together all of the given 

equations?  Last step, can we recognize anything in the thing that we got (by 



putting together the given equations) that can be expressed as the equation that 

we are asked to prove? 

 Let’s begin at the beginning i.e. first find if we are told anything in 

addition to the 3 equations that we are given.  Looking back at the exercise, we 

can readily see that we are told 

f: (X, a: X � X) � (Y, b: Y � Y) is a map in the category of endomaps. 

Ok, done with the first.  Moving on to the second thing on our to-do list, can we 

translate the statement 

 ‘f: (X, a: X � X) � (Y, b: Y � Y) is a map in the category of endomaps’ 

into an equation? 

 Not so fast, my dear friend.  Given my love of the notion of SELF-

CONTAINED (maybe, in part, because, I think, if I am allowed to say just one 

thing about the universe, I’d probably say: ‘universe is self-contained’); so, I 

can’t help but make this note self-contained (I also try to make our weekly 

discussions self-contained; of course, sometimes it works, sometimes it doesn’t).  

More importantly, recently a few exceptionally brilliant high-school students 

joined our mailing list; so, I thought they might find it a convenient read if I 

made the note self-contained.  Now, on to the real reason: I thought this slow 

walk through the basics might help me avoid saying things like ‘function p from a 

set A to another set B, p: A � B is an idempotent when you can’t even compose 

the function p with itself (p) leave alone the composite (pp) being equal to the 



function (pp = p), which is what is required of any function that’s itching to be 

an idempotent endomap. 

 Familiar things first!  What’s a map?  When we read ‘a map in the 

category of endomaps,’ we realize that (going by the fact that we are told of a 

map in some specific category) different categories might have different maps.  

Without belaboring anymore category of endomaps is a category which has 

endomaps as Objects (X, a: X � X) of the category.  An endomap is a map f 

which has same object (set A) as both domain and codomain, f: A � A.  A map f 

in the category of sets has a set (A) as domain and a set (B) as codomain and 

assigns an element of the set B (codomain) to each element of the set A 

(domain), and is denoted as (external diagram) f: A � B. 

 Returning to the exercise, we are told ‘f: (X, a: X � X) � (Y, b: Y � Y) is 

a map in the category of endomaps.’  Can we translate the statement into an 

equation?  Would it (the translation) be 1 equation, 2 equations … how many, 

how?  Since f is a map in the category of endomaps, f preserves the structure of 

endomaps, which translates into the equation 

       fa = bf 

(Please see the attached CommutativeDiagram.pdf for an extensive discussion of 

preserving-structure and commutativity.)



To see how we got the above equation from the given  

‘f: (X, a: X � X) � (Y, b: Y � Y) is a map in the category of endomaps’  

let’s unpack f: 

 

 

 

 

 

 

One thing that’s asked of all maps is that they preserve structure, which is 

guaranteed by commutativity condition i.e. by the equality of the two paths 

between two objects: one that goes from bottom-left X to X on top and then to Y 

on the right, and the other that goes from bottom-left X to Y on the right and 

then to Y on top, which can be succinctly summed up as 

    fa = bf 

We now have 4 equations: 

1. x’ = a3(x) 

2. y = f(x) 

3. y’ = b3(y) 

4. fa = bf 

and we have to prove 1 equation: 

f(x’) = y’ 
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When we are asked to prove f(x’) = y’, we are in essence told (not asked) that 

the equation f(x’) = y’ is a statement saying something (about the situation 

about which the [now] 4 equations speak of) that’s been stated already by the 4 

equations, albeit differently (as in different words or different tongues), but, 

most importantly, collectively.  In other words, when we look at the image 

formed by putting together the equations (somewhat like putting together 

circular top-view and rectangular front-view into a cylinder, and, then, 

recognizing that the cylinder has the property of being able to hold water), we 

should recognize an aspect of the image thus formed that can be stated as the 

equation that we are asked to prove. 

 Let’s carefully examine the given—the given 4 equations.  It is helpful to 

have an image—not necessarily in sharp-focus or high-def—an image of what is 

that we are looking for; it might help us recognize if there happens to be some 

such thing in the 4 equations we are given: 

1. x’ = a3(x) 

2. fa = bf 

3. y = f(x)  

4. y’ = b3(y) 

 

 

 

 



Let’s also draw the diagram corresponding to equation 2: 

 

 

 

 

 

 

What do we have here?  We have 4 arrows denoting the 3 functions (a, f, and 

b), and we have 2 sets (X and Y).  One immediately notices that the number of 

arrows (4) is equal to the number of equations (4) that we are given.  Let’s find 

out how the given equations are related to the arrows of the external diagram.  

But before we do that let’s get clear about the directions of arrows in the 

diagram.  One simple-minded question do they have to point the way they do (a 

and b upwards; f rightwards).  For instance, can the arrow depicting f point 

leftwards.  No, given that the domain of the function f: X � Y is X and the 

codomain is Y, the arrow depicting the function f in the external diagram must 

point rightward as long as the domain X is depicted to the left of the codomain 

Y.  Ok, now that we cleared that, how about the directions of arrows depicting 

the two endomaps a: X � X and b: Y � Y; can they point downwards instead of 

upwards?   

 

a 

f 
X 

X 

Y 

b 

Y f 



Let’s see.  The arrow depicting the endomaps a: X � X and b: Y � Y can point 

downwards since the domain and codomain of endomaps are the same sets: 

 

 

 

 

 

 

Yes, of course!  What we found is just that at the scale of individual arrows 

flipping the direction of arrows depicting endomaps is fine.  Or more explicitly we 

can depict both endomaps up or down as illustrated below:  

 

 

 

 

Now we have to check to see whether we can flip the direction of arrows 

depicting endomaps a and b in the external diagram of the map 

f: (X, a) � (Y, b) in the category of endomaps.   
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In other words, we have to check if both of the following two external diagrams 

depict the same commutativity condition fa = bf that’s required of the map f: (X, 

a) � (Y, b) in order for f to be a map in the category of endomaps: 

 

 

 

 

 

 

 

Yes, they do: both diagrams are acceptable depictions of fa = bf.  Or, in other 

words, when we say the external diagram on the left (with downward pointing 

arrows depicting endomaps a: X � X and b: Y � Y) commutes, we mean  

fa = bf.  So is the case with the external diagram on the right (with upward 

pointing arrows depicting the same two endomaps).  How about a diagram with 

1 arrow up and the other down?  I’d love to, but really don’t want to loose the 

last person reading (assuming there’s one left; an artist, I was told by Camus, is 

not worried about getting mauled by critics, but is scared to death about not 

having an audience). 

 Ok, that’s enough chit-chat.  Let’s get back Leela—our Leela.  Where are 

we?  We are trying to find out how the given 4 equations relate to the 4 arrows 

of the given external diagram.   
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Let’s line them up and take a look. 

 

1. x’ = a3(x) 

2. fa = bf 

3. y = f(x)  

4. y’ = b3(y) 

 

 

Before we go about finding how the given equations relate to the external 

diagram we should try to find out how the given 4 equations relate to one 

another.  Let’s start with the first and go one-by-one.  In the equation x’ = a3(x), 

a is an endomap, the upward pointing arrow on the left going from X to X.  x and 

x’ are elements of the set X and 3 tells us that a: X � X takes the element x of 

set X to element x’ of X in 3 steps.  Let’s move on to the second, fa = bf.  In this 

equation, unlike the equation 1, which had symbols denoting both maps (a) and 

elements (x’ and x), we have 3 distinct maps (a, f, b).  There are no symbols 

denoting elements in the equation fa = bf, which is to say that the equation 

holds true for all elements of the set X.   
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Unlike the case of the equation 1, which corresponds to 1 arrow, equation 2 

corresponds to the entire diagram saying that for every element of the set X, we 

get the same element of the set Y whether we first transform by a and then by f 

or first by f and then by b as shown in the diagram with composite arrows fa and 

bf added: 

 

 

 

 

 

 

Now let’s go to the third equation y = f(x), which corresponds to the top and 

bottom arrows which go from set X to set Y.  Speeding along we get to the 

fourth equation y’ = b3(y), which corresponds to the right upward arrow that 

goes from set Y to Y.  Did we find something? A little: the 3 equations x’ = a3(x), 

y = f(x), and y’ = b3(y) are of a kind in the sense they each correspond to one 

arrow in the external diagram, while the equation fa = bf corresponds to all 4 

arrows—the external diagram as a whole—as a commutative square.  How about 

the equation we are asked to prove f(x’) = y’.  Doesn’t it look like the third 

(given) equation y = f(x).  If it’s going to help we could write the equation we 

are asked to prove as y’ = f(x’), and we can go ahead and identify the (given) 
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equation y = f(x) with the bottom arrow and the equation to be proved y’ = f(x’) 

with the top arrow as depicted below: 

 

 

 

 

 

 

Before we move on, here’s a word of caution.  Even though in the present 

context we can switch symbols to the right of ‘=’ with symbols on the left, this 

may not be legit in computer science.  I vaguely remember Ruadhan telling me 

(something like) when we say x = y it means x is assigned the value of y which 

is not the same as y = x (you may want to check with Ruadhan on this one). 

 Back to play.  We have a total of 5 equations out of which one equation 

(fa = bf) corresponds to the whole diagram made up of 4 arrows, and the other 

4 correspond to each one of the 4 arrows of which we are given 3, and asked for 

1 equation.  This problem is somewhat analogous to being given a total of five 

numbers (say, 2, 4, 6, u, and 20) out of which one number (20) is the sum of 

the remaining four numbers (2, 4, 6, and u) of which one number (u) is 

unknown. 

 2 + 4 + 6 + u = 20 

  u = 8 

x’ = a3(x) 

X 

X 

Y 

y’ = b3(y) 

Y 
y’ = f(x’) 

fa = bf 

y = f(x) 



 

With that warm-up, let’s go ahead and do the Exercise 1: 

Suppose that x’ = a3(x) and that f: (X, a: X � X) � (Y, b: Y � Y) is a map in the 

category of endomaps.  Let y = f(x) and y’ = b3(y).  Prove that f(x’) = y’. 

First let’s list the givens: 

1. x’ = a3(x) 

2. fa = bf 

3. y = f(x)  

4. y’ = b3(y) 

and let’s start with f(x’) and show that it’s equal to y’. 

f(x’) = f(a3(x)) = bf(a2(x)) = b2f(a(x)) = b3f(x) = b3(y) = y’. 

Now let’s start at the other end 

y’ = b3(y) = b3f(x) = b2f(a(x)) = bf(a2(x)) = f(a3(x)) = f(x’). 

These “two” proofs: one starting with f(x’) and the other with y’ appear different 

from what I had in mind when I thought it would be helpful to examine various 

ways of getting to equality; it must have been some other exercise which when I 

did reminded me of hysteresis. Simply put, let’s look at the above two proofs as 

two paths: one going from A to B and the other from B to A.  In the present 

case, it is clearly the case that we can retrace our steps (substitutions) that took 

us from A to B in order to get from B to A.  Sometimes, for example, we could go 

from, say, San Diego to Buffalo to Hyderabad, but may not be able to return 

from Hyderabad to Buffalo to San Diego; we may have to take a different route 



to return, say, we may have to go from Hyderabad to Bangor to Amiens to San 

Diego.  One of these days we will, surely, come across some such cases of 

proofs and then we can revisit.  I thought of discussing the relation between 

structure-preserving and commutativity in terms of a skeletal version of our 

exercise, but I realized I have nothing interesting to say in addition to the 

discussion in the Commutative Diagram note; so, I am attaching it for your ready 

perusal. 

 

Here’s the exercise (page 145) for next Tuesday: 

Consider a structure involving two sets and four maps as in 

 

 

 

                                                (no equations required) 

 

 

(for example M = males, F = females, p and p’ are father, and u and u’ are 

mother).  Devise a rational definition of map between such structures in order to 

make them into a category. 

 

I’ll have to discuss this exercise, which might take some 25 pages, in a 

subsequent note.  Got to go; my first-love (Match-to-Meaning) is calling. 
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