
 
On the notion of Structure 

 
Charles Ehresmann has always been interested in the notion of a mathematical structure.  

In the forties he introduced the "local structures" associated to a pseudogroup of transformations 
(topological or differentiable manifolds, fibre bundles, foliated manifolds are examples).  
Though a pseudogroup of transformations is a particular groupoid, this definition was not given in a 
categorical frame since; at this time Charles did not know of categories.  
Later he devoted several papers to define categorical notions of structures. 
 
1. Species of structures  

In his seminal 1957 paper "Gattungen von lokalen Strukturen", Charles defines a "species of 
structures" as follows: 

 
A species of structures Σ onto a category C consists of a set S, a map p from S onto C0 and a 

composition  k: C*S → S: (x, s) |→ xs, where   

C*S = {(x, s)| x є C, s є S, α(x) = p(s)}, 
satisfying:                                     

y(xs) = (yx)s and   α(x)s = s. 

(α denotes the 'domain' map of C which Charles called "source"). 
He shows that it is equivalent to the data of the functor from C to the category Set associating to an 
object e of C the subset p-1(e) of S mapped by p on e. And he constructs the associated discrete 
fibration. 
 
 In the same paper he "internalizes" this concept into that of a local species of structures, where S is a 
local class (that is a poset in which each bounded part A has a lower upper bound) and C is a "local 
category" (= category internal to the category Ind of local classes, cf. below).   
 

In his 1959 paper "Foncteurs types" he transposes the Bourbaki's construction of a species of 
structures into a categorical setting. Let us note that it is in this paper that he introduced the 2-
category of natural transformations.' 
 
2. Structured categories 
 In 1963, Charles introduced the notion of a P-structured category, where P is a faithful 
functor from a category V to Set which preserves pullbacks. It was meant to unify several examples: 
he had introduced earlier: local categories, double categories, topological and differentiable 
categories (introduced in a 1959 paper as a frame for studying fibre bundles).  
 
 A P-structured category is a pair (C, s), where C is a category and s an object of V such that:  
        (i) there are morphisms in V:  

a: s → s0, ,  b: s → s0,    i: s0 → s   and    k: s*s → s 

'lifting' the maps domain, codomain, insertion of C0 in C (where C0 is the class of objects of C), and 
composition of C; 

       (ii) s*s is the pullback of (a, b). 



 
 
Examples: 1. A topological category is P-structured for the functor P from the category Top of 
topologies into Set. 
2. A double category is P-structured for the forgetful functor from Cat to Set. It consists of 2 laws # 
and ◊ of categories of the same set (called the horizontal and vertical compositions) satisfying the 
'distributivity' axiom: 

(X'#Y') ◊ (X#Y) = (X'◊X)#(Y'◊Y). 
The first example is the double category of commutative squares of a category H. 

 
 
A 2-category is a double category in which the objects for # are also objects for ◊. 
By induction, he defines n-fold categories of which n-categories are particular cases. To-day these 
'multiple' categories are extensively used in works on the foundation of physics. 
 
3. Sketches 
  The notion of P-structured categories can be generalized to define a category internal to any 
category V (without the need of a functor P from V to Set). It was one of the motivations for the 
introduction of sketches in the paper "Introduction to the theory of structured categories" in 1966. 
However the theory of sketch is much more general since it allows to define most usual 
mathematical structures, thus extending the characterization of algebraic structures given by 
Lawvere to more general structures..    
  
              In our joint paper of 1972 ("Cahiers de Top. et GD", XIII-2) we give the following definitions, 
where  I and J are classes of small categories: 

       () an (I, J)-sketch S is a category ∑ equipped with a set of projective cones indexed by I and a set 
of inductive cones indexed by J.   
      (ii) A prototype is a sketch in which the projective (resp. inductive) cones are limit cones (resp. 
colimit cones).  
      (iii) A model M of the sketch S into a category V is a functor from ∑ to V sending the projective 
cones on limit-cones and the inductive cones on colimit cones. 
  
One of the main theorems of the paper is the explicit construction of the prototype generated by a 
sketch. The 'complexification process' which I use in MES is a particular case of this construction. 
  
 Most usual mathematical structures are models of a sketch in Set. For instance, a category 'is' 
a model of the "sketch of categories" Scat which is 'generated' by the graph of the figure in Section 2.. 
  



Applications of sketch theory have been developed in computer science and in logic. For 
instance, a model of a sketch can be identified to a set-valued model (in the sense of logicians) of 
some logic theory, by interpreting each object of the sketch as a sort of elements, each arrow as a 
composition law between the elements of the sorts, each commutative diagram as a (universally 
quantified) equation which is satisfied by the composition laws. And the distinguished cones impose 
constraints on the composition laws.  
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